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Abstract
We consider several small-size Prony-like separable least squares interpolation 
problems in exponential, polynomial and mixed data fitting schemes, for which the 
variable projection objective function can easily be written down in closed form. 
An alternative formulation of variable projection is then applied to the closed form 
expression, yielding explicit formulas for the unknown parameters. The technique 
is especially useful in various exponential type spline generalizations where the free 
frequency parameter is otherwise mostly determined by trial and error.

Keywords  Non-polynomial splines · Exponential splines · Parameter selection · 
Subdivision scheme · Prony problem · Variable projection

1  Introduction

Exponential analysis, also called Prony’s method [1] or sparse interpolation, fits 
a linear combination of certain parameterized elementary or special functions [3] 
bj(ϕj ; x), j = 1, . . . , N  with constant coefficients Aj , j = 1, . . . , N  to data yk col-
lected at regularly spaced sample points xk for k = 0, . . . , M − 1 with M ≥ 2N . Often 
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used functions bj(ϕj ; x) are exp(ϕjx), cos(ϕjx), sin(ϕjx), cosh(ϕjx), sinh(ϕjx), 
xϕj , x exp(ϕjx), . . . where the ϕj  and Aj  can be real or complex.

Similar models are encountered in subdivision schemes [4] and in generalisations 
of the classical polynomial splines, such as trigonometric splines [5], hyperbolic 
splines [6], tension splines [7], exponential splines [8, 9] and so on. The motivation 
for these generalisations is to better preserve the inherent shape present in the data, 
such as local convexity, monotonicity or sharp changes in the data. Often N = 4 as 
in the cubic spline case and the four functions bj(ϕj ; x) are trigonometric, hyperbolic 
or general exponential elements, all with a free frequency parameter. Even more gen-
eral are the Chebyshevian splines, of which the previous are all a special case [10, 
11]. The use of these generalized splines ranges from geometric design [12] to signal 
processing [13] and finance [14].

In exponential analysis, the parameters are generally retrieved in a two-step pro-
cedure, dealing with the nonlinear and the linear parameters separately. In a first step, 
the nonlinear parameters ϕj  are retrieved from a generalized eigenvalue problem [3, 
15]. In the second step, the linear coefficients Aj  are obtained from a structured linear 
system. A drawback of this method is the fact that the interpolation data need to be 
collected equidistantly on the real line or the complex circle.

Variable projection [16] applies to so-called separable problems, in which a linear 
combination of simple functions characterised by some nonlinear parameters, such 
as the above models, is fitted to data yk, k = 0, . . . , M − 1 that are not necessarily 
collected uniformly. In a first step, the nonlinear parameters ϕ1, . . . , ϕN  are obtained 
separately via an optimisation procedure. In the second step, the linear coefficients 
A1, . . . , AN  are retrieved as the solution of a linear least squares problem.

The optimisation step is iterative and requires that the linear coefficients are sub-
stituted at each step by their solution at that point. A drawback is that the method, 
when applied to higher-dimensional problems, easily gets stuck in a local minimum, 
unless one can supply a quite accurate starting point for the optimisation.

In this paper we combine the best of both worlds. For Prony-type problems of 
small known size N, we consider either a mixture of a small number of regularly 
sampled data and a larger number of non-uniformly collected data or solely non-
uniformly collected data. The considered N-term models depend on at most one 
unknown nonlinear parameter ϕ, meaning that a number of the ϕj  are fixed and 
the remaining ϕj  all equal ϕ. In the context of subdivision schemes or generalized 
splines, ϕ is a frequency parameter and a crucial problem is the preliminary selection 
of that free parameter and its multiplicity, since usually there is no a priori knowledge 
available. Even though some efforts have been made to provide selection techniques, 
they are quite involved and time consuming. We refer to [17] for a strategy based on 
annihilation operators, and [18] for one based on Tikhonov regularization adapted to 
hyperbolic penalized splines.

In a first step of our novel approach, the value of ϕ is determined. In the second 
step, the values of the constant coefficients Aj  are obtained from some explicit for-
mulas. Because we allow non-uniform data collection, which makes the procedure 
more applicable in practice, and since we allow coalescent ϕj  parameters, the men-
tioned reformulation as a generalized eigenvalue problem is ruled out, also for the 
subset of uniform data.
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In Section 2 some background material is summarized. A theoretical derivation 
of the new approach is presented in Section 3, while a numerical implementation is 
given in Section 4. The new approach is illustrated with several synthetic and real-life 
examples in Section 5. We close with a Conclusion and an accompanying Appendix.

2  Reproducible spaces

Let us define for given N ∈ Z+ and a nonzero a = (a0, . . . , aN ) ∈ CN+1 the func-
tion space

	
VN,a =


f : R → C :

N∑
j=0

ajf (j)(x) = 0


 ,

where f (j) denotes the j-th derivative of the function f.

2.1  Characterisation

A characterisation of this function space is the following [4]. Let zℓ be a zero of mul-
tiplicity nℓ of the polynomial

	
p(z) =

N∑
j=0

ajzj = aN

L∏
ℓ=1

(z − zℓ)nℓ ,

with n1 + · · · + nL = N . Then

	 VN,a = span {xm exp(zℓx) with m = 0, . . . , nℓ − 1 and ℓ = 1, . . . , L} .

Now let xk = x0 + k∆ with ∆ ∈ R+ and k = 0, . . . , M − 1 ≥ 2N − 1 be some 
real interpolation points of f ∈ VN,a with yk = f(xk). Then the polynomial p(z) is 
closely related to the monic Prony polynomial [19] given by

	
q(z) =

L∏
ℓ=1

(z − exp(zl∆))nℓ =
N−1∑
j=0

bjzj + zN ,

which plays a crucial role in the original Prony scheme [1, 2]: its coefficients bj  can 
directly be extracted from the samples yk as in (2) below.

The zeroes zl of p(z) and their multiplicities nl can also be found from the use 
of a so-called annihilation operator [17]. And the zeroes exp(zℓ∆) of q(z) can be 
retrieved as the generalized eigenvalues of a Hankel, Toeplitz+Hankel or otherwise 
structured generalized eigenvalue problem [3, 15].

In addition, the differential equation of order N in the definition of VN,a,
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(
a0f + a1f ′ + . . . + aN f (N)

)
(x) = 0,

is closely related to the finite difference equation of order N,

	 yN+k + bN−1yN−1+k + . . . + b0yk = 0, k = 0, . . . , N − 1,

satisfied by the equidistantly collected samples yk = f(xk) of f ∈ VN,a [1, 2]. The 
former terminology mainly stems from the subdivision literature, while the latter 
appears in the Prony literature.

The unambiguous extraction of zℓ from exp(zℓ∆) requires the so-called Nyquist 
constraint maxℓ=1,...,L |ℑ(zℓ)∆| < π to hold, where ℑ(·) denotes the imaginary part. 
So the transition between the zeroes of p(z) and those of q(z) does not hold uncondi-
tionally, unless zℓ ∈ R.

Some interesting examples of the function spaces VN,a that we study later in the 
paper are: 

1)	 VN,a = span {1, x, . . . , xn, exp(ϕx), exp(−ϕx)} where p(z) = zn+3 − ϕ2zn+1 
with (z1, n1) = (ϕ, 1), (z2, n2) = (−ϕ, 1), (z3, n3) = (0, n + 1) and N = n + 3,

2)	 VN,a = span {1, x, exp(ϕx), exp(−ϕx), . . . , exp(nϕx), exp(−nϕx)} where p(z) = z2 
∏n

j=1(z2 − j2ϕ2) with (z1, n1) = (0, 2), (z2j , n2j) = (jϕ, 1), (z2j+1, n2j+1) = (−jϕ, 1) and 
N = 2n + 2.

Special cases of the former example are:

	● span{1, x, . . . , xn+2} when ϕ = 0,
	● span{1, x, . . . , xn, cos(ϕx), sin(ϕx)} when ϕ is imaginary, and
	● span{1, x, . . . , xn, cosh(ϕx), sinh(ϕx)} when ϕ is real.

Special cases of the latter example are:

	● span{1, x, . . . , x2n+1} when ϕ = 0,
	● span{1, x, cos(ϕx), sin(ϕx), . . . , cos(nϕx), sin(nϕx)} when ϕ is imaginary, and
	● span{1, x, cosh(ϕx), sinh(ϕx), . . . , cosh(nϕx), sinh(nϕx)} when ϕ is real.

Additional popular choices are:

	● span{exp(ϕx), x exp(ϕx), exp(−ϕx), x exp(−ϕx)} for exponential splines,
	● span{cos(ϕx), x cos(ϕx), sin(ϕx), x sin(ϕx)} for trigonometric splines,
	● span{cosh(ϕx), x cosh(ϕx), sinh(ϕx), x sinh(ϕx)} for hyperbolic splines.

Note that all the above function spaces are spanned by what are essentially exponen-
tial functions with either real or imaginary parameters ϕ.
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2.2  Reproduction

It is well-known from the Prony literature [20, p. 176] and the subdivision literature 
[4], that a function f ∈ VN,a can be reproduced from (at least) 2N of its uniformly 
collected samples yk = f(xk), k = 0, . . . , M − 1 ≥ 2N − 1.

The easiest way to see this is from the nonlinear system (1) of interpola-
tion conditions in the particular case of equidistant points xk = x0 + k∆ with 
yk = f(xk), k = 0, . . . , 2N − 1 where f ∈ VN,a. For simplicity, but without loss of 
generality, we consider the case of simple zeroes p(zℓ) = 0, ℓ = 1, . . . , N .

At the sample collection, only the function values yk are known and neither N, a 
nor the characterisation VN,a = span{exp(zlx), l = 1, . . . , N} need to be given 
explicitly. So essentially, f or more generally VN,a, can even be a black box as in Sec-
tion 5.4. The system of 2N interpolation conditions

	

N∑
ℓ=1

Aℓ exp(zℓxk) = yk, k = 0, . . . , 2N − 1,� (1)

which is linear in the unknown coefficients A1, . . . , AN  and nonlinear in the unknown 
parameters z1, . . . , zN , is re-expressed in two linear systems [1, 2]:

	● The first linear system, 

	

N−1∑
ℓ=0

yℓ+kbℓ = −yN+k, k = 0, . . . , N − 1,� (2)

with Hankel structured coefficient matrix 

reveals the vector (b0, . . . , bN−1, 1) from which q(z) can be constructed. This step 
remains valid in case the zeroes exp(zℓ∆) of q(z) are not all simple, because q(z) is 
the characteristic polynomial of a homogeneous linear recurrence with constant coef-
ficients [21].

	 When some coefficients Aj  equal zero, then (2) may not have maximal rank N but 
rather rank n < N . In that case, any n × n Hankel structured submatrix of H(0)

N  
has rank n and so (2) can be replaced by a smaller size version. The rank of the 
coefficient matrix of (2) reveals the exact number of nonzero terms in (1). From the 
zeroes of q(z), the values zℓ, ℓ = 1, . . . , N  are obtained, if the Nyquist condition is 
satisfied for the zℓ ∈ C.

	 In the situation where M > 2N  samples are available, we can consider an over-
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determined version of (2), by extending the Hankel matrix to the rectangular 
(M − N) × N  matrix H(0)

M−N,N , extending the right hand side to yM−1 and solve 
(2) in the least squares sense.
It is known that (2) can be quite noise sensitive, both as a square or an overdeter-
mined linear system, which we illustrate in Section 5. We therefore do not make 
(2) an essential step in our new approach.

	● The second linear system results from substituting the computed zℓ in the Van-
dermonde structured linear system (1) or its 2N × n smaller version of maximal 
column rank. When all zeroes are simple and all Aj  nonzero, then (1) has rank N 
[22]. Again the Vandermonde system can be considered in a least squares sense if 
M > 2N  samples are provided.

We now explain how explicit expressions for the linear coefficients Aj  and for the 
objective function delivering the optimal nonlinear parameter ϕ, can be obtained for 
several VN,a, thereby bypassing the classical two-step procedure for (1) and the clas-
sical variable projection algorithm (3). At the same time, we overcome the restric-
tion for all the interpolation values fk to be uniformly sampled. As pointed out, 
the method is particularly suitable for small-size problems, meaning small N, and 
appears to be quite robust.

3  Alternative separable nonlinear least squares

We take our inspiration from the original method of variable projection [16] to allow 
for non-uniformly collected samples yk, k = 0, . . . , M − 1 ≥ 2N − 1. No further 
restrictions on the data collection are imposed. In the current section there is no need 
to have a smaller subset of equidistantly collected samples.

3.1  Original variable projection idea

Let us denote

	

A :=




A1
...

AN


 , Z :=




exp(z1x0) · · · exp(zN x0)
...

...
exp(z1xM−1) · · · exp(zN xM−1)


 , Y :=




y0
...

yM−1


 ,

which are respectively of size N × 1, M × N  and M × 1. So the nonlinear system 
(1) is replaced by the more general ZA = Y  which does not require that the values 
yk = f(xk) are sampled at equidistant xk. It is solved by minimising

	 R(A1, . . . , AN ; z1, . . . , zN ) = ||Y − ZA||22.
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Remember that the parameters zℓ, ℓ = 1, . . . , N  as well as the coefficients 
Aj , j = 1, . . . , N  are unknown. In a first step, the nonlinear parameters zℓ are 
obtained by minimising

	 R(A1, . . . , AN ; z1, . . . , zN ) = ||Y − (ZZ†)Y ||22,� (3)

where Z† is the Moore-Penrose generalized inverse of Z and the unkown vector A is 
replaced by Z†Y  at each estimate of the zℓ, so that the minimisation problem only 
involves the parameters zℓ. In a second step the coefficients Aj  are computed from 
the linear least squares problem ZA = Y .

In our new approach we make use of the variable projection idea in a different 
way, which is especially suitable for use with function spaces VN,a that are fully 
specified by some positive integer N and a single real or imaginary parameter ϕ. 
Examples of such VN,a are given in 1) and 2) in Section 2. We reduce the two-step 
minimisation of R(A1, . . . , AN ; z1, . . . , zN ) to a one-dimensional minimisation over 
ϕ and explicit formulas for the Aj , j = 1, . . . , N . In the next section this theoretical 
reformulation is further simplified to obtain an easy numerical procedure.

3.2  Alternative variable projection formulation

From hereon we consider a data model of the form

	

N∑
j=1

Ajbj(ϕ; x)

where all of the functions bj(ϕ; x) at most depend on the same nonlinear parameter 
ϕ. The function spaces VN,a in 1) and 2) are perfect illustrations of this situation. But 
it is easy to write down other popular function spaces, which we use in Section 5. At 
this point, neither the coefficients Aj  nor the parameter ϕ are known. Only the num-
ber N and the functions bj(ϕ; x) are chosen. Furthermore, we have at our disposal the 
data (xk, yk), k = 0, . . . , M − 1 ≥ 2N − 1. The values yk are samples of a function 
f ∈ VN,a taken at points x = xk, which are not necessarily equidistant.

Then the objective function is

	
R(A1, . . . , AN ; ϕ) =

M−1∑
k=0


yk −

N∑
j=1

Ajbj(ϕ; xk)




2

.� (4)

For given ϕ it is a quadratic N-variate polynomial in the variables A1, . . . , AN . This 
objective function can be rewritten for some r1(A2, . . . , AN ; ϕ) and R1(A2, . . . , AN ; ϕ) 
as
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R =
M−1∑
k=0


yk −

N∑
j=1

Ajbj(ϕ; xk)




2

=

(
M−1∑
k=0

y2
k

)
+ α1(ϕ)A2

1 − 2β1(A2, . . . , AN ; ϕ)A1 + r1(A2, . . . , AN ; ϕ)

=

(
M−1∑
k=0

y2
k

)
+ α1(ϕ)

(
A1 − β1(A2, . . . , AN ; ϕ)

α1(ϕ)

)2

+ R1(A2, . . . , AN ; ϕ),

�

with

	

α1(ϕ) =
M−1∑
k=0

b2
1(ϕ; xk),

β1(A2, , . . . , AN ; ϕ) =
M−1∑
k=0

b1(ϕ; xk)


yk −

N∑
j=2

Ajbj(ϕ; xk)


 ,

R1(A2, . . . , AN ; ϕ) = r1(A2, . . . , AN ; ϕ) − β2
1(A2, . . . , AN ; ϕ)

α1(ϕ)
.

This step can now be repeated for R1(A2, . . . , AN ; ϕ) since it is a quadratic 
expression in the remaining A2, . . . , AN . We thus deliver expressions for 
α2(ϕ), β2(A3, . . . , AN ; ϕ) and R2(A3, . . . , AN ; ϕ). In the end, the objective func-
tion is recursively re-expressed as

	
R(A1, . . . , AN ; ϕ) =

M−1∑
k=0

y2
k +

N∑
j=1

αj(ϕ)
(

Aj − βj(Aj+1, . . . , AN ; ϕ)/αj(ϕ)
)2

+ RN (ϕ) .� (6)

A recursive expression for the αj(ϕ) is easily obtained. Let us denote 
Bj := (bj(ϕ; x0), . . . , bj(ϕ; xM−1)), j = 1, . . . , N . With α1(ϕ) = ||B1||22 as given 
above, we introduce more generally

	 α
(h,ℓ)
1 (ϕ) := ⟨Bh, Bℓ⟩, h, ℓ = 1, . . . , N

so that α1(ϕ) = α
(1,1)
1 (ϕ). From the computation of R1 we find that

	
α2(ϕ) = α

(2,2)
1 (ϕ) −

(
α

(1,2)
1 (ϕ)

)2

α
(1,1)
1 (ϕ)

.

Again we generalize the definition of α2(ϕ) to

	
α

(j,h)
2 (ϕ) := α

(j,h)
1 (ϕ) − α

(1,j)
1 (ϕ)α(1,h)

1 (ϕ)
α

(1,1)
1 (ϕ)

(5)
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so that α2(ϕ) = α
(2,2)
2 (ϕ). It is easy to see that the recursive definition of the αj(ϕ) 

continues in the same style.

Lemma  Let

	 α
(h,ℓ)
1 (ϕ) := ⟨Bh, Bℓ⟩, h, ℓ = 1, . . . , N

and

	
α

(h,ℓ)
j+1 (ϕ) = α

(h,ℓ)
j (ϕ) −

α
(j,h)
j (ϕ)α(j,ℓ)

j (ϕ)

α
(j,j)
j (ϕ)

, j = 1, . . . , , N − 1.� (7)

Then

	 αj(ϕ) = α
(j,j)
j (ϕ), j = 1, . . . , N.

Proof  The proof is by induction. We have seen that (7) holds for j = 1. For 
j = 1, . . . , N − 1, the coefficient αj+1(ϕ) of A2

j+1 in Rj(Aj+1, . . . , AN ; ϕ) is 
the sum of the coefficient of A2

j+1 in rj(Aj+1, . . . , AN ; ϕ) and that in 
−β2

j (Aj+1, . . . , AN ; ϕ)/αj(ϕ), more precisely

	
α

(j+1,j+1)
j (ϕ) −

(
α

(j,j+1)
j (ϕ)

)2

α
(j,j)
j (ϕ)

.

□

It is obvious that all α(h,h)
1 (ϕ) ≥ 0. From the Cauchy-Schwarz identity it is also 

obvious that all α(h,h)
2 ≥ 0. Intensive random experiments using exact arithmetic for 

various N and M ≥ 2N  with Bj ∈ (Q + iQ)M , j = 1, . . . , N  as well as all numeri-
cal examples in Section 5, only returned positive αj(ϕ), j = 1, . . . , N .

With

	 Aj = βj(Aj+1, . . . AN ; ϕ)/αj(ϕ), j = N, . . . , 1,

in (6), the parameter ϕ is found as

	
ϕ = arg min

ϕ
RN (ϕ),
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where RN (ϕ) may take either positive or negative values. In case of small-sized VN,a 
the closed-form expression for RN (ϕ) is not a complicated formula. The minimum 
value of the objective function R(A1, . . . , AN ; ϕ) is given by

	
min

A1,...,AN ,ϕ
R(A1, . . . , AN ; ϕ) =

M−1∑
k=0

y2
k + min

ϕ
RN (ϕ).

We summarize the algorithm in the following scheme and illustrate its immediate use 
in the small-size example of Section 5.1. For ease of notation, we omit some depen-
dencies in the algorithmic part, since no ambiguity can arise.

In Fig. 1 we show the original variable projection expression (3), at the left hand 
side, and
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M−1∑
k=0

y2
k + RN (ϕ),� (8)

at the right hand side, for M = 40 randomly selected xk-values in [−1.5, 1.5] and 
yk = f(xk) with

	
f(x) = 0.0001

(
exp(7x) − x exp(−7x)

)

∈ V4,(74,0,−2×72,0,1) = span{exp(7x), x exp(7x), exp(−7x), x exp(−7x)}.
� (9)

Formula (3) at the left is computed for discrete values of ϕ ∈ [6.5, 7.5] with a step 
size of 0.01, while the graph at the right shows the closed-form expression (8).

4  Alternative variable projection programmed

The algorithm in Section 3 can be programmed in a computer algebra environment 
or, using a down-sized symbolic toolbox, in a numerical programming environment, 
since it essentially only manipulates a quadratic polynomial in the A1, . . . , AN  with 
coefficients that are parameterized by ϕ. We supply a Matlab implementation in the 
appendix. For the small-sized VN,a that we consider, a two-step implementation is 
given in this section.

The challenge of finding the optimal value ϕ, knowing the functions 
bj(ϕ; x), j = 1, . . . , N , can also be solved solely by inspecting the coefficients of 
the Prony polynomial q(z). To that end we need a small number of M1 ≥ 2N − 1 
equidistantly collected samples yk = f(k∆), k = 0, . . . , M1 − 1. The computation 
of ϕ is further discussed in Section 4.1.

Subsequently the values for the linear coefficients Aj  can be obtained from some 
easy vector and matrix updates, from the M1 uniform samples and an additional M2 
non-uniform samples, where usually M2 ≥ M1. This step then replaces the solution 
of the Vandermonde structured system (1), in the least squares sense when M > 2N . 
The new algorithm is given in Section 4.2 and summarized in a recursive scheme.

Fig. 1  Graph of (3) at the left and (8) at the right for function (9)
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The method of Section 4.1 to extract ϕ can be numerically sensitive, as we illus-
trate in Section 5.2. Therefore this step is only recommended as a replacement for 
Algorithm A, when the data are sufficiently accurate. It can however also serve to 
supply a starting point for the optimisation of RN (ϕ).

In the sequel we denote M = M1 + M2 when we refer to the mixture of the uni-
form and non-uniform samples.

4.1  Nonlinear parameter ϕ

Let us first discuss how to determine the single nonlinear parameter ϕ for the small-
sized models under consideration, from the uniformly collected y0, . . . , yM1−1. We 
deal with the function spaces VN,a given in 1) and 2) in Section 2.

For VN,a = span{1, x, . . . , xn, exp(ϕx), exp(−ϕx)} where N = n + 3, the 
polynomial q(z) is given by

	 q(z) = (z − exp(ϕ∆))(z − exp(−ϕ∆))(z − 1)n+1.

Its constant term b0 = (−1)n+1. Its linear term

	 b1 = (−1)n
(
n + 1 + Φ + 1/Φ

)
, Φ ∈ {exp(ϕ∆), exp(−ϕ∆)}.

Here we want An+1An+2An+3 ̸= 0 which can be confirmed by computing the rank of 
H

(0)
M1−N−1,N . If it is maximal, the rank confirms that the terms xn, exp(ϕx), exp(−ϕx) 

have nonzero coefficients. We’ll deal with non-maximal rank separately in a moment. 
From the value of b1 we obtain the quadratic equation

	 Φ2 + Φ
(
n + 1 + (−1)n+1b1

)
+ 1 = 0,

with the reciprocal solutions exp(ϕ∆) and exp(−ϕ∆).
If the rank of H(0)

N  is N − 1, then one of the three coeffients An+1, An+2, An+3 is 
zero. The constant term will tell you which one:

	● If An+1 = 0 then b0 = (−1)n and b1 = (−1)n−1(
n + Φ + 1/Φ

)
.

	● If An+2 = 0 then b0 = (−1)n+1/Φ and similarly if An+3 = 0 then 
b0 = (−1)n+1Φ. So b0 tells you which term is absent and identifies Φ at the same 
time.

If the rank of H(0)
N  is N − 2, then either two of these three coefficients are zero or 

An = 0 = An+1:
	● In the latter case, we have b0 = (−1)n−1 and b1 = (−1)n−2(

n − 1 + Φ + 1/Φ
)
.

	● In the former case, we either have An+1 = 0 = An+2 or 
An+1 = 0 = An+3, similar to the second bullet above but with n replaced by 
n − 1, or we have An+2 = 0 = An+3 which is similar to the first bullet above 
with n replaced by n − 1.
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We don’t push this discussion any further because it is now clear how to proceed. 
Also, a user should not overestimate the value of n or N by too much. Note that the 
computation of the numerical rank of the Hankel matrix, which is traditionally done 
using SVD, may still be a delicate problem.

4.2  Linear coefficients A1, . . . , AN

Now we turn to the identification of the linear coefficients Aj , thereby following a 
numerical version of the algorithm in Section 3. For this we use all available samples, 
the uniformly collected yk = f(k∆), k = 0, . . . , M1 − 1 and the additional non-uni-
formly collected yM1+k = f(xk), k = 0, . . . , M2 − 1, where M = M1 + M2. The 
rank of H(0)

N  does not play a role in this derivation.

Remember that the objective function R(A1, . . . AN ; ϕ), for a given value ϕ, is a 
quadratic N-variate polynomial in A1, . . . , AN :

	

R(A1, . . . AN ; ϕ) =
M−1∑
k=0

y2
k − 2

N∑
j=1

cj(ϕ)Aj +
N∑

j=1
k≥j

djk(ϕ)AjAk.

In the sequel we omit to denote the dependence of the expressions cj(ϕ) and dj(ϕ) 
on ϕ, as the optimal value for ϕ has been determined by now and can hence be sub-
stituted in the cj(ϕ) and the djk(ϕ).

Let us store the linear coefficients of the Aj  in R(A1, . . . , AN ) in the vector

	 C := −2 (c1, . . . , cN )

and the quadratic coefficients in the upper triangular matrix

	

D :=




d11 d12 . . . d1N
0 d22 . . . d2N
...

. . .
...

0 · · · 0 dNN


 .

Then from (5), we find

	

α1 = d11,

−2β1(A2, . . . , AN ) = −2c1 +
N∑

j=2
d1jAj

and hence
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−β2
1(A2, . . . , AN )

α1
= −1

4d11


4c2

1 − 4c1

N∑
j=2

d1jAj +
N∑

j=2
d2

1jA2
j + 2

N∑
j=2
k>j

d1jd1kAjAk


 .

When moving from the treatment of R0 in algorithm A to that of R1, the vector 
C(0) := C and matrix D(0) := D are updated to

	

C(1) := C(0) + c1

d11
(0, d12, . . . , d1N ) ,

D(1) := D − 1
4d11




0 · · · 0
. . .

...
d2

12 2d12d13 · · · 2d12d1N
...

...
. . .

0 · · · 0 d2
1N




.

When denoting the vector and matrix entries of C(1) and D(1) respectively by 
−2c

(1)
j , j = 1, . . . , N  and d(1)

ij , i, j = 1, . . . , N , then

	

α2 = d
(1)
22 ,

−2β2(A3, . . . , AN ) = −2c
(1)
2 +

N∑
j=3

d
(1)
2j Aj

and the process can be repeated. Let us summarize this in the following scheme, 
where we don’t give an explicit formula for β2

j (Aj+1, . . . , AN ), but

	● denote the constant term and the coefficients of the linear terms Aj+1, . . . , AN  in 
β2

j  by γ(j−1)
j  and −2γ

(j−1)
k , k = j + 1, . . . , N , respectively, and

	● denote the coefficients of the quadratic terms AkAℓ in β2
j  by δ(j−1)

kℓ .

Its use is illustrated in the 4-term example of Section 5.2. In the algorithm we also 
omit to denote the dependence on ϕ for those expressions where the optimal value 
for ϕ has been substituted.
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5  Various examples

A simple numerical illustration for N = 2 which does not need the general recursive 
schemes of the Algorithms A and L can already be found in [23]. A similar model is 
now symbolically worked out in Section 5.1

Here we further illustrate the new approach on various function spaces VN,a. We 
use Algorithm A to identify the nonlinear parameter ϕ and we obtain the linear coef-
ficients from Algorithm L. All subsequent examples are illustrated numerically on 
noisy data, and code for Algorithm A to reproduce the output is given in the appendix. 
The numeric optimisation and coefficient computations are performed in double pre-
cision arithmetic. The examples in the Sections 5.2 and 5.3 are using synthetic data, 
while the examples in Section 5.4 are using real-life datasets.

5.1  An easy start with V N,a = span{exp(ϕx), exp(−ϕx)}

Here we have N = 2 and for f ∈ VN,a,

	 f(x) = A1 exp(ϕx) + A2 exp(−ϕx).

With yk = f(xk), k = 0, . . . , M − 1 the objective function is

	
R(A1, A2; ϕ) =

M−1∑
k=0

(yk − A1 exp(ϕxk) − A2 exp(−ϕxk))2
.

After expanding the expression for R(A1, A2; ϕ), we find that the coefficient of A2
1 

is given by

	
α1(ϕ) =

M−1∑
k=0

exp(2ϕxk),

and the coefficient of −2A1 equals

	
β1(A2; ϕ) =

M−1∑
k=0

yk exp(ϕxk) − MA2.

From expanding the expression R1(A2; ϕ) in (5) we obtain
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α2(ϕ) =
M−1∑
k=0

exp(−2ϕxk) − M2

M−1∑
k=0

exp(2ϕxk)

,

β2(ϕ) =
M−1∑
k=0

yk exp(−ϕxk) −
M

M−1∑
k=0

yk exp(ϕxk)

M−1∑
k=0

exp(2ϕxk)

and

	

R2(ϕ) = −

(
M−1∑
k=0

yk exp(ϕxk)

)2

M−1∑
k=0

exp(2ϕxk)

− β2
2(ϕ)

α2(ϕ)
.

The nonlinear parameter ϕ is obtained as arg minϕ R2(ϕ) and the A1 and A2 can be 
obtained either by substituting the computed ϕ in the expressions αj  and βj  above 
with A2 = β2(ϕ)/α2(ϕ) and A1 = β1(A2; ϕ)/α1(ϕ).

5.2  Higher multiplicity in V N,a = span{exp(±ϕx), x exp(±ϕx)}

We consider the function

	
f(x) = 0.01

(
3x exp(5x) + (25x + 35) exp(−5x)

)

which belongs to V4,(54,0,−2×52,0,1). We sample the function at 10 equidistant 
points in [−1.5, 1.5] and at another 30 random sample points in the interval, taken 
from a uniform distribution. The values yk = f(xk) are then contaminated with 
additive noise taken from a uniform distribution in [−0.001, 0.001]. This results 
in ||y − ỹ||2/||y||2 ≈ 2.98 × 10−5, where the vector y denotes the vector of the 
yk, k = 0, . . . , 39 and ỹ denotes the vector of the 40 noisy datapoints.

From Algorithm A we obtain the estimate ϕ̃ = 5.00006 for ϕ = 5. From Algo-
rithm L we subsequently get the model

	 f̃(x) = 0.0299954 exp(ϕ̃x) + (0.249977x + 0.349968) exp(−ϕ̃x),� (10)

with ||A − Ã||2/||A||2 ≈ 9.19 × 10−5 where A = (A1, A2, A3, A4) and Ã is the 
estimate obtained for the coefficient vector A. In Fig. 2 we overlay the input samples 
ỹk, the exact function f in red and the computed model (10) in black. Because the 
noise is not large, both the original f and the reconstructed model overlap.
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Since we have 10 equidistantly collected and rather accurate samples at our dis-
posal, we can also consider the computation of the Prony polynomial q(z) as detailed 
in Section 4.1. We consider H(1)

4  discarding the first and the last sample, as this Han-
kel matrix is the better conditioned one of size N = 4. We thus obtain the estimate 
ϕ = 4.99727 which is clearly less accurate than the estimate ϕ̃. Note that the numeri-
cal rank of the noisy matrix is 4 while the mathematical rank of the exact matrix is 3. 
Switching to an overdetermined system for the coefficients of q(z), with coefficient 
matrix H(0)

6,4 , does not improve the result. In the sequel we therefore do not use the 
Prony polynomial anymore to estimate the nonlinear parameter ϕ. We only use Algo-
rithm A instead.

Let us further explore the use of the Algorithms A and L on samples ŷ that are 
much noisier. We first increase the additive noise to be uniformly distributed in 
[−1.75, 1.75] leading to ||y − ŷ||2/||y||2 ≈ 0.0521.

Algorithm A now delivers ϕ̂ = 5.0499 as an estimate for ϕ = 5 with a relative 
error of 0.00998, and Algorithm L computes the coefficients of the reconstruction

	 f̂(x) = (0.016 + 0.027x) exp(ϕ̂x) + (0.32 + 0.23x) exp(−ϕ̂x),� (11)

with ||A − Â||2/||A||2 ≈ 0.0861. Again the noisy data, the exact f in red and the 
computed reconstruction (11) in black are overlaid in Fig. 3 where we zoom in on the 
critical region of data.

Fig. 2  Input data with functions f ( ) and f̃  ( )
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Let us increase the noise even further, to a uniform distribution in [−7.5, 7.5] with 
noisy samples ȳ where ||y − ȳ||2/||y||2 ≈ 0.223. Algorithm A has been quite stable 
in all our experiments, and also here we find ϕ̄ = 5.2408 with a relative error of 
approximately 0.0482 compared to the exact ϕ = 5. Algorithm L delivers the coef-
ficients in the reconstruction

	 f̄(x) = (0.0061 + 0.016x) exp(ϕ̄x) + (0.23 + 0.16x) exp(−ϕ̄x)� (12)

with a relative error ||A − Ā||2/||A||2 ≈ 0.349.
A superposition of the noisy data, the exact f in red and the reconstruction (12) in 

black are given in Fig. 4. Although the error on the data has mainly been suffered by 
the coefficients, it is clear from Fig. 4 that the graph of the reconstruction is very well 
following the trend of the given f. We came to the same conclusion even when the 
relative errors on ϕ and on the coefficient vector A were twice as large. It seems that 
an accurate computation of ϕ̃ is the most important step in the process.

For the sake of completeness we also computed the coefficient vector A from the 
system of M = 40 interpolation conditions (1) in the least squares sense using QR 
factorisation. The latter solution for A is indistinguishable from the former delivered 
by Algorithm L. The Euclidean norm of their difference is 2.7 × 10−14.

We can witness something similar, even in a more pronounced way, in the last 
example in Section 5.3.

Fig. 3  Data with f ( ) and f̂  ( )
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5.3  Some polynomial flavour in span{1, x, xϕ, (1 − x)ϕ}

We consider the functions

	

f1(x) = 1 + 2.75x − 1.5x3.5 + 2(1 − x)3.5,

f2(x) = 1 + 2.75x − 1.5x4.1 + 2(1 − x)4.1,

on the interval [0, 1]. These functions are actually out of the scope of Section 2, as 
they do not belong to a set VN,a, but the Algorithms A and L remain applicable for 
these Bernstein-like functions bj(ϕ; x). Also, such linear combinations appear in the 
curves and surfaces literature in the context of shape preservation [7, 24].

We take ϕ > 2 as the problem statement is singular for 
ϕ = 0, ϕ = 1 and ϕ = 2. When running Algorithm A with the functions 
b1(x) = 1, b2(x) = x, b3(x) = xϕ, b4(x) = (1 − x)ϕ, then the rational expression 
R4(ϕ) has a multiple pole at ϕ = 0 and ϕ = 1 and a pole at ϕ = 2. In addition, for 
not very large positive ϕ-values, as in f1 and f2, the sign of R4(ϕ) is easily altered in 
the neighbourhood of the ϕ-parameter, by the noise on the collected data. To see this, 
we plot in Fig. 5 the denominator of R4(ϕ), computed for some randomly collected 
noisefree samples of f2.

We now conduct three experiments to illustrate the use of variable projection in 
its alternative formulation on samples collected either uniformly or randomly from 
the functions f1 and f2. More experiments than the selected three were conducted, so 
that we can say that the conclusions hold in general.

Fig. 4  Data with f ( ) and f̄  ( )
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First, we equidistantly collect M = 31 samples of f1 with x ∈ [0, 1] and add 
uniformly distributed noise in [−0.2, 0.2] to the function values yk = f1(xk). This 
results in a relative error ||y − ỹ||2/||y||2 ≈ 0.0443.

Algorithm A delivers the estimate ϕ̃ = 3.0219 with a relative error of 0.137 com-
pared to ϕ = 3.5, and Algorithm L provides the coefficients in the model

	 f̃1(x) = −0.452 + 5.63x − 3.01xϕ̃ + 3.59(1 − x)ϕ̃.� (13)

Although the relative error on the linear coefficients is about 101%, the trend of the 
considered f1 is neatly picked up by the model, despite the noisy data. This is illus-
trated in Fig. 6. Again, for comparison, we also compute the coefficient vector A from 
the M = 31 interpolation conditions (1). In this example the coefficient matrix is a 
rectangular Vandermonde matrix. The Euclidean norm of the difference between the 
two computed vectors A is 2.1 × 10−12.

The fact that distinct sets of parameters {ϕ, A1, . . . , AN } can display a very similar 
behaviour, is exactly the reason that the inverse problem of extracting these param-
eters from the data y1, . . . , yM−1 can be ill-posed at times [25]. This is particularly 
well illustrated in what follows, where we consider two experiments with M = 31 
randomly collected samples of f2, both experiments using a different random set 
of xk-values. The difference between the two examples is that the right limit value 
limϕ→2,ϕ>2 R4(ϕ) at the pole near ϕ = 2 (see Fig. 5), switches sign between the two 
random runs. It equals −∞ in the first random run and +∞ in the second. Note that 
for the noiseless computation in Fig. 5, limϕ→2,ϕ>2 R4(ϕ) = +∞.

For Fig. 7, the data ỹ differ from y by a relative error of 0.0514 and for Fig. 8 the 
data ŷ differ from y by 0.0454, whereby each uses different uniformly distributed 
noise terms in [−0.2, 0.2] on distinct samples of f2. In the first case, Algorithm A 
delivers ϕ̃ = 8.7963 while in the second one it delivers ϕ̂ = 2.5836, both clearly 
being off compared to the correct value ϕ = 4.1. Algorithm L respectively delivers 
the models

Fig. 5  Noiseless denominator of R4(ϕ) with 
random data from f2
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	 f̃2(x) = 1.93 + 0.926x − 0.485xϕ̃ + 1.14(1 − x)ϕ̃,� (14)

and

	 f̂2(x) = −2.64 + 9.92x − 4.89xϕ̂ + 5.52(1 − x)ϕ̂,� (15)

being off by ||A − Ã||2/||A||2 ≈ 63% and ||A − Â||2/||A||2 ≈ 244% respectively!

Fig. 7  Data with f2 ( ) and f̃2 ( ) 

Fig. 6  Input data with functions f1 ( ) and f̃1 ( )
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Nevertheless, the models are not meaningless as they pick up the trend of f2 quite well. 
It suffices to look at the relative difference (measured in || · ||2 norm) between the model 
(in black) and the truth (in red), evaluated at the sample points xk used in the Figs. 7 and 8 
respectively. This relative difference equals 0.0192 for Fig. 7 and 0.0235 for Fig. 8, about 
half the relative error introduced by the noise on the yk before starting the computation.

To conclude and reassure the reader: when running the last two experiments with 
only some arithmetic noise, then Algorithm A neatly recovers ϕ = 4.1 up to single 
precision accuracy.

5.4  Illustration on two real-life datasets

The first dataset is the benchmark motorcycle dataset which is given in [26]. This 
set of M = 94 non-uniformly collected samples is also modelled in [27].

In [27] the authors mention that the use of generalized splines with spline pieces 
belonging to VN,a = span{exp(±ϕx), x exp(±ϕx)} from Section 5.2, does not add 
much when compared to using polynomial splines. This is now confirmed by Algorithm 
A, which returns the optimum frequency ϕ = 0 when used with the given samples.

The second set consists of the Nigerian coal production data over the period 
1916–1966, which can be found in [28]. Here M = 26 and the data are equidistant, but 
we do not exploit that, as already indicated at the beginning of Section 5. In the literature 
the use of VN,a of Section 5.2 is proposed and so we follow that suggestion. Algorithm A 
adds a straightforward computation of the unknown parameter ϕ, which mostly remained 
an open problem. For the coefficients another method is used instead of Algorithm L.

So we model the data with a generalized spline where each spline piece belongs to 
VN,a = span{exp(±ϕx), x exp(±ϕx)}. After determining the frequency parameter 
using Algorithm A, the coefficients in the exponential spline are obtained from the 
minimisation of an objective function consisting of a weighted least squares part, 
measuring the closeness of the linear combination of the generalized exponential 
B-spline basis functions to the given data, and a penalization term based on the inte-
gral of the squared second derivative of the spline, as in [27].

Fig. 8  Data with f2 ( ) and f̂2 ( ) 
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The resulting generalized spline is shown in Fig. 9 together with the input data 
(shown as ⋄). For the frequency parameter Algorithm A delivers ϕ = 0.07654. Here 
the exponential-based model follows the data much more accurately than a tradi-
tional penalized cubic spline, shown in turquoise in Fig. 10. The latter excessively 
smooths the convex and monotone behaviour present in the data.

6  Conclusion

This paper introduces an alternative method for variable projection, especially tai-
lored for small-size separable data fitting problems that depend on one nonlinear 
real or complex parameter ϕ. The method can be used on either a mixture of M1 
uniformly and M2 non-uniformly collected samples or solely non-uniformly col-

Fig. 10  Comparison to a penalized cubic spline (cyan) for Nigerian coal production data

 

Fig. 9  A penalized exponential spline for Nigerian coal production data
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lected data. We focus in particular on data models with a small but known number 
N ≤ (M1 + M2)/2 of linear parameters.

The new algorithms A and L respectively estimate the nonlinear parameter ϕ and 
the linear coefficients in the model. An extensive numerical investigation shows the 
effectiveness of the novel approach, even under high noise on the data. The applica-
bility of the method is also illustrated on real-life datasets.

Appendix
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Fig. 11
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